All non-local but relatively local irreducible extensions of Virasoro chiral CFTs with c < 1 are classified. The classification, which is a prerequisite for the classification of local c < 1 boundary CFTs on a two-dimensional half-space, turns out to be 1 to 1 with certain pairs of A-D-E graphs with distinguished vertices.
Introduction
Non-local chiral conformal quantum field theories have gained renewed interest because they give rise to local CFT on the two-dimensional Minkowski halfspace x > 0 (boundary CFT, BCFT), and vice versa [9] .
More precisely, a BCFT contains chiral fields which generate a net A of local algebras on the circle, such that A + (O) = A(I)∨A(J) are the chiral BCFT observables localized in the double cone O = I × J ≡ {(t, x) : t + x ∈ I, t − x ∈ J} where I > J are two open intervals of the real axis (= the pointed circle). The two-dimensional local fields of the BCFT define a net of inclusions A + (O) ⊂ B + (O) subject to locality, conformal covariance, and certain irreducibility requirements.
If A is assumed to be completely rational [7] , then there is a 1 to 1 correspondence [9] between Haag dual BCFTs associated with a given chiral net A, and non-local chiral extensions B of A such that the net of inclusions A(I) ⊂ B(I) is covariant, irreducible and relatively local, i.e., A(I) commutes with B(J) if I and J are disjoint. The correspondence is given by the simple relative commutant formula
where O = I × J as before, K is the open interval between I and J, and L is the interval spanned by I and J. Conversely,
B(L) =

I⊂L, J⊂L, I>J B + (O).
BCFTs which are not Haag dual are always intermediate between A + and a Haag dual BCFT.
The classification of local BCFTs on the two-dimensional halfspace is thus reduced to the classification of non-local chiral extensions, which in turn [8] amounts to the classification of Q-systems (Frobenius algebras) in the C * tensor category of the superselection sectors [2] of A. The chiral nets A = Vir c defined by the stress-energy tensor (Virasoro algebra) with c < 1 are known to be completely rational, so the classification program just outlined can be performed.
Local chiral extensions of Vir c with c < 1 have a direct interpretation as local QFT models of their own. Their classification has been achieved previously ( [5] , see Remark 2.3) by imposing an additional condition [8] on the Q-system involving the braided structure (statistics [2] ) of the tensor category. Of course, the present non-local classification contains the local one.
As in [5] we exploit the fact that the tensor subcategories of the sectors σ 0,2i and of the sectors σ 2j,0 of Vir c with c < 1 are isomorphic with the tensor categories of the "even" superselection sectors of SU(2) current algebras. (The braiding is different, however.) We therefore first classify the Q-systems in the latter categories (Sect. 1), and then proceed from Q-systems in the subcategories to Q-systems in the tensor categories of all sectors of Vir c (Sect. 2). Thanks to a cohomological triviality result [6] , the classification problem simplifies considerably, and essentially reduces to a combinatorial problem involving the Bratteli diagrams associated with the local subfactors A(I) ⊂ B(I), combined with a "numerological" argument concerning Perron-Frobenius eigenvalues. The Bratteli diagram of the second row also arises from reflections of some Dynkin diagrams having the same Coxeter number as A k+1 and starts with a single vertex because of the irreducibility of B ι A . This gives a bipartite graph G, one of the A-D-E Dynkin diagram and its initial vertex v as an invariant of ι, but the vertex v is determined only up to the graph automorphism, so we denote the orbit of a vertex v under such automorphisms by [v] . (Note that the Dynkin diagrams A n , D n , and E 6 have non-trivial graph automorphisms of order 2.) Also note that the graph G is bipartite by definition. A B-A sector corresponding to an even vertex of G might be Proof First we show that any B-A sector corresponding to an even vertex of G is not equivalent to another B-A sector corresponding to an odd vertex of G. Suppose that some pair (α, α ′ ) of such B-A sectors are equivalent. By looking at the PerronFrobenius eigenvector entries, we know that the graph G is A 2n and k = 2n − 1, and that α·λ 2n−1 = α ′ = α as B-A sectors. Then the A-A sectorᾱα contains both λ 0 = id and λ 2n−1 , so by [10, Lemma 4] we know that one can choose a representative of λ 2n−1 so that its square is exactly the identity without inner perturbation. However, this is impossible since the statistics operator (braiding) of λ 2n−1 equals exp(2πi(2n−1)(2n+ 1)/(4(2n − 1) + 8)) = ±i. We thus reach a contradiction.
As in the proof of [1, Proposition A.3], we now know that the paragroup generated by ι is uniquely determined by (G, [v] ) and it is isomorphic to the paragroup of the Goodman-de la Harpe-Jones subfactor given by (G, Consider the following sequence of commuting squares as in the Section 2. Note that one of the graphs G 1 , G 2 must be of type A because the D and E diagrams have even Coxeter numbers. We then prove the following classification theorem.
gives a complete invariant for irreducible extensions of nets Vir c , and an arbitrary quadruple, subject to the conditions on the Coxeter numbers as above, arises as an invariant of some extension.
We will distinguish certain sectors by their dimensions. For this purpose, we need the following technical lemma on the values of dimensions, which we prove before the proof of the above theorem. Proof If m = 1, 3, then the latter set is empty, so we may assume m ≥ 5. Note that the value 1 is not in the latter set. Suppose a number ω is in the intersection and we will derive a contradiction. Then ω is in the intersection of the cyclotomic fields Q(exp(πi/m)) and Q(exp(πi/n)), which is Q since (2m, 2n) = 2 and Q(exp(2πi/2)) = Q. Suppose d j is equal to this ω. We may and do assume 2 ≤ j ≤ (m − 1)/2. We have
where ζ = exp(2πi/(2m)). First assume that j is even. We note (m − 2, 2m) = 1 since m is odd. Then the map σ : ζ k → ζ k(m−2) for k = 0, 1, . . . , 2m − 1 gives an element of the Galois group for the cyclotomic extension Q ⊂ Q(ζ). We have
Here the set
has j distinct roots of unity containing ζ m−2 and it is a subset of
The set {ζ j−1 , ζ j−3 , ζ j−5 , . . . , ζ −j+1 } is the unique subset having j distinct elements of Z that attains the maximum of Re j k=1 α k among all subsets {α 1 , α 2 , . . . , α j } having j distinct elements of Z. However, we have m > 3, which implies j ≤ (m − 1)/2 < m − 2, thus the complex number ζ m−2 is not in the above unique set, and thus the sum
cannot be equal to
which shows that ω is not fixed by σ, so ω is not an element of Q, which is a contradiction.
Next we assume that j is odd. We now have that
Since (m, (m − 1)/2) = 1, the map σ : ζ 2k → ζ k(m−1) for k = 0, 1, . . . , m − 1 gives an element of the Galois group for the cyclotomic extension Q ⊂ Q(ζ 2 ). Since m − 1 > j − 1, σ(ω) contains a term ζ m−1 which does not appear in ω. Then by an argument similar to the above case of even j, we obtain a contradiction. 
We now start the proof of Theorem 3.1.
Proof Without loss of generality, we may assume that m is odd and hence that the graph G 1 is A m−1 . (Otherwise, the graph G 2 is A m , and we can switch the symmetric roles of G 1 and G 2 .) Note that a sector corresponding to an even vertex of A m−1 can be equivalent to another sector corresponding to an odd vertex of A m−1 .
The subfactor arising from the endomorphism σ 1,0 has the principal graph A m−1 , thus the irreducible sectors σ n,0 are labeled with the vertices of the Dynkin diagram A m−1 . Let σ j,0 be one of the two sectors corresponding to [v 1 ]. We choose j to be even, and then j is uniquely determined. Let ∆ be the set of the irreducible B-A sectors arising from the decomposition of B ισ 2k 1,0 A for all k. Note that ∆ is a subset of the vertices of G 1 . Letι be one of the B-A sectors in ∆ having the smallest dimension. By the Perron-Frobenius theory and the definition of the graph G 1 , which is now A m−1 , we know that suchι is uniquely determined and that the set
The situation is illustrated in Fig. 3 where we also have the graph G which will be defined below. The vertices corresponding to the elements in ∆ are represented as larger circles. Now we consider the Bratteli diagram for End(ισ We want to show that the pairs (G 2 , [v 2 ]) and (G, [v] ) are equal as follows. We first claim that the irreducible decomposition ofιι contains only sectors among σ 0,k , k = 0, 1, . . . , m − 1. Suppose thatιι contains σ 2l,k with l > 0 on the contrary. By the Frobenius reciprocity, we have 0 < ιι, σ 2l,k = ισ 0,k ,ισ 2l,0 .
By the above description of the graph G 1 , we know thatισ 2l,0 is irreducible and distinct fromι. The assumption thatισ 2l,0 appears in the irreducible decomposition ofισ 0,k means that the graphs G and G 1 have a common vertex other thanι and this is impossible by Lemma 3.2. We have thus proved that the irreducible decomposition ofιι contains only sectors among σ 0,k , k = 0, 1, . . . , m − 1.
We knowισ j,0 and ι are equivalent sectors since they both are irreducible. To show (G 2 In case (2) of Fig. 4 we have four mutually inequivalent B-A sectors for the graph G 2 = A 4 for the sector ι given by σ 0,1 , and the fusion graph is also A 4 .
